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ABSTRACT

Aggregation of fuzzy information in hesitant fuzepvironment is a new branch of hesitant fuzzy (b#tS)
theory. HFS theory introduced by Torra and Narukdwa attracted significant interest from reseacierecent years.
In this paper, we investigate the interval valustditionistic hesitant fuzzy (IVIHF) aggregationerators with the help of
Einstein operations. First some new operations siscRinstein sum, Einstein product, and Einsteaasanultiplication
on the interval valued intuitionistic hesitant fyzelements(IVIHFES) are introduced. Then, some IVIHF aggregati
operators such as interval valued intuitionistisitaat fuzzy Einstein weighted geometric (IVIHF\W®@perators and the
interval valued intuitionistic hesitant fuzzy Eiest ordered weighted geometric (IVIHFOW)Goperator are developed.

Some of the properties of IVIHFEs are discussedktail.

KEYWORDS: Einstein Operations, Hesitant Fuzzy Set, Intenaluéd Intuitionistic Hesitant Fuzzy Elements, Iatr
Valued Intuitionistic Hesitant Fuzzy Einstein Wetigth Geometric (IVIHFW®) Operators

[. INTRODUCTION

Fuzzy Set Theory by Zadeh [1] has been extendaé\eral theories such as Atanassov's intuitienfaetizy set
(AIFS) theory [2]. AIFSs is further generalized Byanassov and Gargov [3] to accommodate the mermipeend
non-membership functions to assume interval valileseby introducing the concept of interval-validitionistic fuzzy
sets (IVIFSs). This extension mixes imprecision baditation. Recently, Torra and Narukawa [4] aodrd [5] proposed
the hesitant fuzzy set (HFS), which is another gdimation form of fuzzy set. The characteristicHi#S is that it allows
membership degree to have a set of possible valiesefore, HFS is a very useful tool in the sitad where there are
some difficulties in determining the membershipaof element to a set. Lately, research on aggregatiethods and
multiple attribute decision making theories undesitant fuzzy environment is very active. Xia efgdldeveloped hesitant
fuzzy aggregation operators. Combining the heromian and hesitant fuzzy sets, some new hesitamy fderonian
mean (HFHM) operators are explored in [7].

Aggregation operators are essential mathematiedl for fuzzy decision-making. This tool is extedd® the
interval valued intuitionistic hesitant fuzzy eraiiment. All aggregation operators introduced presfip are based on the
algebraic product and algebraic sum of intuitidoifitizzy values (IFVs) or hesitant fuzzy elemem&Es) to carry out the
combination process. The algebraic operations agelproduct and algebraic sum are not the uniquerations that can
be used to perform the intersection and union.tBingroduct and Einstein sum are good alternatigeshey typically

give the same smooth approximation as algebraidymtoand algebraic sum. For intuitionistic fuzzyfoimation,
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126 A. Umamaheswari & Rumari

Wang and Liu [8] developed some new intuitionidtizzy aggregation operators with the help of Eiinstgperations.
There is little investigation on aggregation teciugis using the Einstein operations to aggregaterviait valued
intuitionistic hesitant fuzzy information. Theredorit is necessary to develop some interval vainadtionistic hesitant

fuzzy information aggregation operators based ostEin operations.

In this paper we provide a novel extension to WiglFS setting which preserves the main propertighe usual
aggregation operator. The focus of this paper imestigate some properties of IVIHFEs based arstéin operational
laws and develop interval valued intuitionistic itest fuzzy Einstein aggregation operators. Thipguas structured as
follows. In Section 1, we give an introduction bitresearch background. In Section 2, we brieflyere some basic
concepts related to the IVIHFEs. In Section 3, wigoduce some Einstein operations of IVIHFEs andlym® some
desirable properties of the proposed operation&eltion 4, we develop some novel aggregating tmstasuch as the
interval valued intuitionistic hesitant fuzzy Eiest weighted geometric (IVIHFW® operator, the interval valued

intuitionistic fuzzy Einstein ordered weighted gesint (IVIHFOWG) operator.
2. PRELIMINARIES

The concept of FS was extended to IFS [2] whichclimracterized by a membership function and a

non-membership function.

Definition 2.1 IFS [2]

Let X be a fixed set. An IFS A in X is defined aﬁs:{(x, /jA(X) ,yA(X)/XD X)} where [/, and J, are
mappings from X to the closed interval [0, 1] sticat O < /4, (X) <1,0<y, (X) <land for all X1 X,
0< ,uA(X) +VA(X) <1 and they denote respectively the degree of memipeend degree of non-membership of

elementXd X to the set A.

Sometimes, instead of exact values a range oksatnay be a more appropriate measurement to reprise

vagueness. Atanassov and Gargov [3] introducethteeval Valued Intuitionistic Fuzzy Sets (IVIFS)

Definition 2.2 [3]

Let D [0, 1] be the set of all closed sub-intesvaf [0, 1], an Interval Valued Intuitionistic Fyzset %\ in X is

defined as@={<x, [JA (X) ’VA (X)>/XD X} where ,@I%(X) and ;/%(X) are mappings from X tdJ[0,1] such that

0< supg, (X)+ sup, (x)< 1 00X

The intervaI,DJ@ (X) denoted b){,u; (X) ,,utj\ (X)] and % (X) denoted b{f/; (X) , I/; (X)} are the degree

of membership and non-membership of x%o, respectively wher@lg (X) , ,DJ; (X) ,}N/Ig; (X) and }N/;\ (X) represent the

lower and upper bounds CQ{@\(X) and %(X). For any given x, the pai(,m,l@\(x),;@(x)) is called an interval
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Interval-Valued Intuitionistic Hesitant Fuzzy Einstein Geometric Aggregation Operators 127

intuitionistic fuzzy number (IVIFN) [9]. For conveance an IVIFN is denoted bgf = ([,ul'j;,,u;J ] ,[y; ,V; ]) where

|45, 4] ] and [ 5,y |ODI[O Y and 4 +)s <1

Definition 2.3 [9]

Let B’lz([/j;,u;],[ybl,ﬁj) and Hz:([ﬂ;z’ﬂgz]’[y;z’ﬁz]) be any two IVIFNs, then some

Einstein operations of IVIFNQ1 and Hz are defined as

vooat= (k] )

2 91+H2: ’LI;1+’L¢2 '“31”’,“32 yblybz %:1
) 1+ﬂ;1ﬂ;2’1+ﬂ21ﬂ22 ’ 1+(1—y;1)(1_y;2) ' 1+(1_V;1)(1_V;2)

- | . S | . .
oo | e

4, A= (]_+ Iu";l)A _(1_ ,u:l)A (1+ ,Ugl)A —(1— lusl)A
(l+ 74 )A + (1— 7 )A ’(1+ ,ugly + (]_— 'ugz)j

V;)A * (V:l)j ( 2- y“jl)A + (ygl)ﬂ J?/l >0
e :H 2(#51)” 2(#31)” ],{(yy;)* _(l_ybl)ﬂ (2 0,1)/‘ —(1_%:1)‘
( en)

2= ) + () (2= sb) + ()

o

A>0

3. INTERVAL-VALUED INTUITIONISTIC HESITANT FUZZY SE T AND INTERVAL VALUED
INTUITIONISTIC HESITANT FUZZY ELEMENTS

The interval valued intuitionistic hesitant fuzzets (IVIHFS) allows the membership of an elemertid a set of

several possible interval-valued intuitionistic Zzyzaumbers [10]

Definition 3.1 [10]
Let X be a fixed set,.Ef_ :{<X, hE (X)>/XD X} where, hé (X) is a set of some IVIFNs i) denoting the

possible membership and non-membership degreevaigenf the elemenX ] X to the set@. h= I‘]E (X) is called an

interval valued intuitionistic hesitant fuzzy elemé¢IVIHFE) and H denotes the set of all IVIHFEs. & Oh then ais

an IVIFN denoted bya = (,ua,ya) = ([,u('; 75 ][y); Ve ])

Now we extend the Einstein operation on IVIFNS\tHFES
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128 A. Umamaheswari & Rumari

Definition 3.2

Given three |V|HFEsﬁ={([/,¢ ) /dmﬁ} h ={([u;1,;¢1],[y;1,¢;1]) /dlmﬂ} and

ho ={([/'l;2 ,;jgz] ,[ybz ,%:2]) la, 0 ﬁz} let us define the Einstein operation on them aswoel

1. ﬁc:{QC/QDH} :{([y;,yg],[’u; ,,U;J ])/C?Dﬁ}
2. BOp o )|| HatHa, HotHa, VeV, Vovs ST
ST e e, [ (o ) () | () () )T

3. hOhs= /'121/'1:2 ,ugl,ugz yglyaz %:1 %:2 i ]
h: O h2 {[[1+(1-ﬂ;1)(1-ﬂ,|;2) , l+( 1—;131)( 1-#22) 1+ y;yaz 1+ ﬁlﬁz a,0h,a,0h;

4. ForA>0 _m(w;)‘—(l—u;)‘ (1+usl)‘—(1—u;)‘” )

_ 1
(vrps) () (i) (=) L (2k) +08) (2) +(8)

5 Fomo(ﬁy:m ) o) A],{(w;)j—(l—y;)jl(1+y;1)j-(w;l)jﬂ / Dﬁ}
(s ) +() (i) () [L () +(mn) (#02) +(+22)

Theorem 3.1

Let h,h. and h> be three IVIFHEs andl = 0. Then hy+ha , o x F]z, Ah and (ﬁ)ﬁ are also IVIHFEs.

et h={([ut ot Y[k ) ra 0By B ={([ s ) [ 402 ]) 1, O

h. :{([,LJ;Z,,L/;’J,[V;Z,;{,’J) la, Dﬁz} be three IVIHFEs.

L

Hence by definition, OEy 7 7ol Vol ,,u;l ,,ufjl ,y;l ,ygl ‘/1,';2 ,ugz y;z ygz < and
Ha* Ve SLpy + Vo SLply +V, <1

2

L

< (1 gy (1 pas, ) = 10 s, — pay, + gy s, and s, + g, <1+ b i

Thusu <1. ObV'OUSWM > 0. Hence,0< 'ul—L'u”Lz < 1. Similarly 0< —,u Ha, <1
1+ ,ualluaz 1+ ,ualluaz /’lgll'laz 1+ Mjl,uaz

Since0 < ytl;l <landO< yi,‘2 <1
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L L L L L, L L L L L
Vo ¥ Va,$2 <« 0S2=), =V, = VoVa S2=Vo ~Va, *VaVa,

o

o phyh <1+ (1- ) (1) -

VoV, | Va,
ThUSO<1+(1—y;1)(1—y;2) < 1. Similarly 0< (1 V;l)(l ) <1
Mo, * Ve, VoV, o (1) (1-18)
el ()R S, e, O fathEt e
Ha, * Vo, <1
ot Ve, VaVa, o Mo * Hay ¥ 1 Hay = Ha, + Ha Mo, _
Mg, () () T A -

Hence hy 00 2 is an IVIHFE.
«  To Prove hy [0 Ny is an IVIHFE

Since0< ,u;l ,,u;’l <1, we have,u,;1 + ,u;z <2

Thus O 2= iy, = Hy, < Kby, ST 1 pts = s, + gt p =1+ (1- 1y ) (1 44,
Mo,y
L+ (1, ) (1- 12,

Vo * Ve, Vi

1

1V 1

O

) <1. Similarly, it is true forﬂgl,ygz

Also, 0<

RIS
In

Ho M, VotV _
1+(1- 44 ) (2 ﬂ;’) ATy

1))+ P

— 1

Thus, by O h2 is an IVIHFE.
. To Prove Ahy is an IVIHFE
(1ras) - (1) sarm) +(1-s)
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(1) ~(1-15)

Thus y +<1. Similar results hold foy,lfylJ also.
L L 1
(1+’u‘7’1) +(1_'u‘71)

AsO<y, <1, A>0, wehave 2(y;1)AS( 2‘V§1)A+(V§1)A

O Z(V‘;) <1

(=) +(n)

Similar results is true foyg1 also.

As i, +y, <land 1>0

A

(i) (i), : 1
(i) +(-) (n) s (i) () +(w4)

Thus Ahy is an IVIHFE
~ 2
Similarly we can prove tham is an IVIHFE.
Theorem 3.2:Let h,h; and h: be three IVIHFEs andl,A;,4, >0 Then
ﬁl O Flz = Flz O F]l
ﬁl O ﬁz = ﬁz O ﬁl
A O hz) = A(h2 0 hy)
(Fe O h2)* =R, DAy

(A +4,)h=Ah0A,h

Proof

F OF. = Moty VoV, VaVe,
B KTy T 1+(1-45 ) (1) 1+ (02

/O'lDﬁl,O'ZDFIQ}
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/0’2 Dﬁz a, U ﬁz}

az
el ) {2 (0)

)| et e Mot VaVa,
L+ ply g L+ gl 1l

=h,Oh

hy O h. = h, O hy is obvious as addition and multiplication are cautetive.

= | Mty My U, VoV, Vo Ve, - -
thhZ_{[{l+y;y:2’1+/131y5j’[1+(1—y;)(1—y:)’1+(1—%:1)(]_—J/jz)}J/almhl’azmhz}

_{1 Hy + J_{l J ( ﬂa+ﬂa] ( ﬂa+ﬂa]
A(H Dﬁ ): 1+:ua:ua 1+:ua/'10/ 1+:ua/'10/ 1+Iua/'10/
i+ s, 1y,
_[1+1+u;uéj {1 1+u;ubJ ( 1+NZ’NZ’] [ ]
v wy
e ) I e | 5

a,0h,a,he

o - - A =
1 A1L+Bll_'ALlJ+BU "GL+EL'GY +EY
1 1 1 1 1
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s Al-BS A-BY][ 2B, 2BV
A +B; A +B; || G3+E; Gy +E;

where A" = (L+ 41, ) B = (1= ) A = (10 4) BY = (14 )

e =(y) G =(2-ps) B =(2) o =(2-02)

e =(vs) et =(2-1) B =) & =(2-1)
Af—Bf+A§—B; A -B  A-B,

Af O AR, = A+B A+B; A +B) AU+BU [ZEL ok, X EU}

wAB A-B A -B G+E Gi+E'G+E G+E)
A+Bl A2+|3L Al+|3U AU+|3U

_[[AA-BB, AA) BB, 2ELE, 2B EY
| A'A; +BB; A/A, +B1B;, || GiGL+EE, GG+ EVE,

_ HMY (i) ~(1- 1) (1)

7
() () () () (2 i)

—
e

e ) D /}
(2va) (2w ) + () () (2-n) (2w ) + () ()

From (1) and (2)A (Fll O ﬁz) = Ah:0 Ah2

(R.DR.)' =h{ OR;

o p )
+ |
e
TR
~—— |—

p p )
| |
Ne—

R

|

jn t}

-

A

\Y

o
[, A
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ZAL N 2A'2‘ 2A;J N 2AL2J
~ A~ Bl"+A1" B+ At B-+A- B:+A.
hy Ohy = A 2 22 - , L Ul 2 2 5
14{1_ L’Al Lj(l_ LA2 Lj 1+(1_ UZAl uj(l_ UZA2 uj
B +A B, + A, B, +A B, + A,
C -Dy ,C,-D, C,-D; ,C,-D,
C +D; C;+D; C{+Dy C,+Dj

L_ Nt L_pRnt)’ U_RU U_ RV
14 S 70 x G270 | gy G170 G D
C1"'D1 C2"'Dz C1+D1 C2"'D2

‘Wy ,
] ((Br+Ar)(BS +A5)+(Br - A ) (BE-AY)) | [cict-piot cvey-pUpt
RS ’[ClLC2L+DlLD;’C‘1’C‘;+DLiDU2D
i ABFW)(BS+A2)+(BT-A2’)(B%-A%))_

[ oma  owm [cici-piD, cich-oip
818} + ALA; ' BYB) + ATAY || CiCh + DYDY, CUC’,+ D',

m 2 e A ]
(2= ) (2= ) + () (i) (2-s) (2= +(42) (42)
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]:l-});z)j—( }%1)1(1’%): a, O, a,0h ¢ - (3)
) (1) (2

_ Ha Mo, Ha Mo, Vot Ve, Va+Va, = =
(R Oh)= { [1+(1—y;1)(1—u;2) () (L) {1+ oyl 1+ VéV:zD/al i th}
A A LA
(hOh)' = ({22 (22t 22)

A A A A
A () (Y (A
i ) i) (Mep ) | Ty -
Y (B T (e (e |
1+ ﬂl y02 + _ ﬂl 02 1+ a 02 + l_ ﬂl a.
vk ) e | My ) ey

J(zr) D/almﬁl,azmﬁz} .4
J (%2
From (3) and (4)

(hOh) =h'0Oh,
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To Prove: (/1l 0 AZ) h =Ah0AN

ech ={[us st ][ 2 )/ 00R}

(1+ :Uzl; )/11+/]2 +(l— ,Ull; )/11+A2 ’(1+,u§j )/11+/12 +(1—,ng ) A,

2 M+, 2 MtA, ~
[ E£2)+ 1A, ! (/:ﬁjz) )/11+/12]/amh'/11'ﬁ2 > 0} - (5)

(/]1 +/]2)ﬁ - {ﬂ (1"' My )41+Az —(1_ U, )Almz (l+ 2 )/11+/12 _(1_

+(1}aJ

(Lep) ()" | () (=)
(o) + (o) (i) ()
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(=) + ()" (2=0)" +(n)"

22" y 2"
(2-22)" + ()" (2-2)"+(2)” -

“[1'(z—ﬂ?ﬁ;ﬁ(w)”ll[l_(Z-V:Z)fi(vs)“J

W)()()()

G T e ey

()()()(ﬂ

G G e e

{ 2(ct)"m2(c)" |
((2—CL)”1 +(cL)*1)((z-cL)*2 +(CL)”2)+((2—CL)”1+(CL)”1)(( z-ct)*u(ct)‘z)

2(c)*r2(cv)"
((zcurw(cU)“)((zc0)*2+(cu>“)+((zcu>“+(CU)“)((2C”>“+<C“>“)m

where A= 1+, A’ =1+ B =1-p- B’ =1-4’ ,C-= y- andC" =

[ TN }
((Z—CL)AMZ +(CL)/11+/]2) ((Z—CU )AMZ +(CU )Amz)
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(1+ 'u:]_ )/11+/12 a (1_ ,U; )/11+/12 (1+ ,U,L,J )/11+/12 a ( - ,U;J )/11+/1 2
(1+ U )AM2 + (1— s )AM2 ' (1+ w0 )AMZ + ( 1- ¥ )Aﬂ2 '

a a

25" 2" _
(Z—V;)AMZ +(y;)41m2 ’(2_1}; )AMZ+(V; )/]f’/]z laOh,A,A, > 0p (6)

From equations (5) and (tﬁ)dlmz)ﬁ =ph0 AN,

Ay

L - M +A
Similarly we can prove that* O h (h+12) .

=h

4. INTERVAL VALUED INTUITIONISTIC HESITANT FUZZY GE OMETRIC AGGREGATION
OPERATORS BASED ON EINSTEIN OPERATIONS

In this section we develop some geometric aggi@yaperators based on IVIHFSs

Definition 4.1

Let Fli :{([ﬂ; ,,U,L;i ] ,[y; ,Vji ]) /a’i O ﬁl} be a set of IVIHFSs in L, the lattice of non-emptiervals

L :{[a, b] /(a,b)D[O,]]Z} with partial orderings | . If w = (wl,wz ----- wn)T is the weight vector ofh; (i=1,2,...,n)

n
such that) D[O,]] with Zcq =1,then an interval valued intuitionistic hesitanzZy Einstein weighted geometric
i=1

(IVIHFWGEe) operators of dimension n is a mapping IVIHFWG: L" — L defined as

IVIHFWG (R, ,....R,) =0 egfy

.
11 1 . o , . . .
If w= [H'ﬁ ..... n ] then IVIHFWG reduces to interval valued intuitionistic hesitdmtzy Einstein geometric

(IVIHFG#) operator of dimension n. i.dVIHFG * (ﬂ, h,, ,ﬁ1) = (ﬁlx h,x ..x &)%
Based on Einstein operations we state the follguleorem.

Theorem 4.1: Let h; (1=1,2,...n )be a collection of IVIHFEs. Then their aggregatedlue by using IVIHFWG

operator is also an IVIHFE and
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2 () o (1)

IVIHFWG “ (R, h,,...R,) = ; = - ,

I_Izﬂﬂ +|‘| |‘| uii,)‘”l:[(ﬂi)‘q
[ @) [ r) I:[(“ ) I_|(1 ) O =12.m)

If /,1; = ;Aj = l, and y; = j{: =y, forall (i=12,...n), then the IVIHFWG reduces to Intuitionistic

Hesitant fuzzy Einstein weighted geometric IHFW@perator and the IVIHFWGoperators satisfies some

desirable properties such as ldempotency, Boundsdirad Monotonicity.

Definition 4.3

n
An OWA operator of dimension n is a mappifg: R" — R such that flaa...,a,] = ijbj where bis
j=1

the " largest of they, and @, is the weight ob ; which satisfiesc D[O ]]and 26«) =1
i=1

Based on the definition of OWA operator we propasgpe of interval valued intuitionistic hesitaozfy
Einstein ordered weighted geometric (IVIHFOW®@perator.

Definition 4.4

Let hi :{([,U; ,,u;’i ] ,[V; ,Vji ]) la, Dﬁi} (i=12,...n )oe a collection of IVIHFSs in L.

An IVIHFOWG: operator of dimension n is a mapping fromL" - L such that

IVIHFOWG, (R, f,,....A,) = Aty x A, x . x A

on

) where(J(l),J(Z), o0 )) is a permutation of (1,2,...,n)
T ~

such that IVIHFEh% S hg(,_l)for alli=23,...n.® = (@,@,...0) is the weight vector of (i=1,2,...,n) such that
n

@ 0[0,] with > g =1.
=

Based on the Einstein operations we state theviollg theorem.
Theorem 4.2

Let hi :{([,U; ,,uﬂ,[y; ,V;]) la, Dﬁi} (1=12,...n)be a collection of IVIHFSs in L. Then their
aggregated value by using the IVIHFOW@perator is also an IVIHFS an
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5 Zl:l (#0r)” 2 (ko)

IVIHFOWG? (R, R,,....A,) =

Ij(Z—.U;(i))” + Ij (,Uz';(i))‘q ,Ij (2_”2(”)@ . El(,uﬁ(i))m '

|11|(1+ Vo) - ﬂ (1-150)" ﬂ (1+420)" - u(l_ Vo)

a Oh,(i=12,..n)

n n ''n

I:I (1+ Vb(i))(q * I_j (1_ me)[q I_l (1+ %J(i))fq N Ij(l— ﬁ(i))m

where (0’(1),0'(2),...,0 (‘1» is a permutation of (1, 2, ..., n) such that IVIHFI'E,‘%U < ﬁ?fi—l) for all

T - n
i=2,3,...,n.w= (wl,wz ..... wn) is the weight vector ohi (i=1,2,...,n) such thaty) D[O,]] with Zcq =1.
i=1

It Uyiy= Mogy = Hom and Vo, = Vag = Vo for all (i=1,2,...n), then the IVIHFOWG reduces to

Intuitionistic Hesitant fuzzy Einstein ordered wieigd geometric IHFOWG&Goperator and the [VIHFWGoperators

satisfies some desirable properties such as |déem@p Boundedness and Montonicity.
5. CONCLUSIONS

Although many techniques have been introducedytpesyate intuitionistic fuzzy information, very fanterval
valued Intuitionistic hesitant fuzzy aggregatioohmiques exist in literature. We have defined saveew operators of
IVIHFEs such as Einstein sum, Einstein productskim scalar multiplication since Einstdimorm typically gives the
same smooth approximations as produmbrm. In this paper some new aggregation operagach as the IVIHFW&and
IVIHFOWGE operators are developed based on these Einstemtams to accommodate the Interval valued irtnistic

hesitant fuzzy situations. Various properties esthoperators are also investigated.
In future, we will apply the proposed aggregatimerators to some real life MADM applications.
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